Abstract-Due to the increasing popularity of renewable energies, a significant share of the power generation in future microgrids is expected to originate from converter-interfaced Distributed Energy Resources (DERs). Traditionally, idealized device models are used to conduct grid stability studies. For instance, a DER interfaced via a Voltage-Source Converter (VSC) would be modeled as an ideal current or power source (depending on the control schemes), ignoring non-ideal behavior like the response of the converter synchronization. However, such a simplification may lead to misjudging the stability, in particular for weak microgrids. To address this issue, ZIP models of grid-interfaced VSCs, which take into account both the control scheme and the synchronization, are developed in this paper. The influence of the synchronization response on the stability of a weak microgrid system is demonstrated using a benchmark system simulated in MATLAB/Simulink. It is shown that the idealized models normally used for static stability analysis do underestimate the voltage stability issue in the investigated microgrid system.
I. INTRODUCTION
The increasing use of Voltage Source Converter (VSC) interfaced Distributed Energy Resources (DERs) introduces new challenges in assessing the stability of microgrids [1] . In particular, stability is a major concern when a weak system is operated under stressed conditions, for instance close to the point of voltage collapse. Under such circumstances, the system is more vulnerable because even a slight disturbance may lead to complete collapse.
Various approaches have been proposed to assess voltage collapse, for instance methods based on continuation power flow [2] , pairs of load flow solutions [3] , closest bifurcation points [4] , indices computed from the singular values of the load flow Jacobian [5] , and loadability limits [6] . Up to now, most investigations concerning static voltage stability have been focused on high voltage transmission grids. However, this subject has received little attention for distribution grids in general and low-voltage microgrids in particular.
In this context, the modeling of DERs is one of the key issues for the voltage stability analysis in low-voltage electric networks. In most of the literature [7] , DERs interfaced via VSCs are modeled either as ideal current sources or as PQ nodes, considering only the current/power control loop. However, the converters' synchronization is seldom accounted. Such models are valid when the voltage at the Point of Common Coupling (PCC) is maintained close to its nominal value. Under this condition, these ideal models can be used to assess different stability issues of VSCs, for example steady-state small-signal stability [8] , and harmonic stability [9] . However, further investigations show that the synchronization algorithm may lead the system to instability in certain cases [10] . The input-admittance of the VSC can be significantly changed especially when reactive power control is performed. Furthermore, an impedance model of VSC with synchronization has been developed, illustrating the effects of synchronization on the VSC in mathematics model and analysis [11] . This methodology improves the model accuracy and can be used to assess system-level compatibility and power quality. In addition, the influence of synchronization on the small-signal stability of VSC has been studied in [12] , showing that the characteristics of PLL play an important role on the system stability.
In this paper, ZIP models are developed for both the power-and current-controlled VSC-interfaced DERs with Phase-Locked Loop (PLL)-based synchronization. It is shown that the ZIP model (especially the constant current and power parts) can be affected by the characteristics of PLL, for example its bandwidth. The developed models can be applied to the voltage stability analysis to achieve more accurate assessment. The rest of the paper is organized as follows: the voltage instability and loadability limit are presented in Section II. The ZIP models of current/power controlled VSC with PLLs are developed in Section III. Section IV studies the behavior of a benchmark microgrid when different PLLs are used in the system, showing that the PLL affects the margin of voltage stability in a stressed microgrid. Section V draws the conclusions.
II. VOLTAGE COLLAPSE
For an electrical grid modeled with a phasor-based approach, [13] has defined the voltage collapse as follows: "voltage instability stems from the attempt of the load dynamics to restore power consumption beyond the capability of the combined transmission and generation system". The critical point where instability occurs can be determined from P V curves [14] , which can be derived using Continuation Power Flow (CPF) methods [2] . Unfortunately, CPF methods are computationally demanding because they are based on an iterative procedure which requires solving a Load Flow (LF) problem in each step. However, if one is only interested in determining the margin from the current point of operation to the point of voltage collapse, but not in behavior of the system in the intermediate region, more light-weight methods based on nonlinear programming can be employed [6] . Consider the network shown in Figure 1 , whose buses N can be grouped into generator buses G modeled as voltage sources E G , and load buses L modeled as voltage-dependent injections S L . The network is described by the nodal admittance matrix Y, which links the nodal voltages V G , V L with the nodal currents I G , I L .
A. Network Equations
Without loss of generality, it may be assumed that the network is Kron-reduced, that is any tie buses T without injection have been eliminated from Y [15] . Under these assumptions, the nodal injections
* denotes the complex conjugate. In this work, the voltage-dependent loads S L,k are described by polynomial models [13] . A polynomial load is composed of a constant admittance Y k , a constant current source I k (magnitude |I k |, power factor cos(ϑ k )), and constant power source S k as shown in Fig. 2 . So, S L,k is given by
where
In general, a polynomial load model is only be an approximation of a general function S L,k (V k ), namely a second order Talyor series with coefficients S k , I k , and −Y * k . In high-voltage transmission systems, ZIP models are an approximation since they model aggregated resources. For the particular case of microgrids, these coefficients do have a physical counterpart, namely converters with constant power or constant current control, and passive loads. Hence, the polynomial model is an exact representation of load and generator (controlled in power or current mode) and not just a mere approximation.
Obviously, the injection from the point of view of the network (3) and of the load (4) have to be equal. Hence, for fixed values of V G the load flow equations can be written in compact form as
where ν denotes the state vector of the network, and is composed of the voltage magnitudes |V L,k | and phase angles δ L,k of the load buses. The functions ϕ k (ν) capture that (3) and (4) are equal ∀k ∈ L
B. Grid Loadability
The point of voltage collapse can be determined by increasing the loads S L,k until the load flow (5) becomes unsolvable [6] . In principle, each component of the polynomial load (4) could be scaled independently in different areas of the network or at each individual bus. For the sake of simplicity, it is assumed that all loads are increased equally by a scaling factor
Including the σ into the load flow equations (5) yields
To determine the loadability limit, one would like to find the largest value σ ∈ R + for which (8) remains solvable, which can be formulated as a Nonlinear Program (NLP)
where ζ(σ) = −σ. The above problem complies with the standard form of an equality-constrained NLP required by standard solvers (for instance the fmincon solver of MATLAB).
III. MODELING OF PLL-SYNCHRONIZED GRID-CONNECTED INVERTER
The inverter interfacing a DER with the grid (shown in Fig. 3 ) can be operated either as a current source or as a power source which tracks a given reference setpoint (see [7] , [16] - [19] ) Both the current and the control scheme are essentially based on regulating the output current
T . The average model of the system is
where L f is the output filter of the grid inverter,
T are the modulating references of the grid inverter, and G P W M represents the delay and gain of the Pulse-Width Modulation (PWM).
A. Linearization of PLL Synchronization
In this paper, a three-phase PLL is employed to determine the phase angle of PCC voltage, which is is assumed symmetrical. Its detailed block diagram is shown in Fig. 4 . A detailed small-signal model is derived in the following in order to study the characteristics of the PLL.
Consider a small perturbation on phase a of the PCC voltage
where V and ω 0 are the amplitude and the frequency of the PCC voltage, and ΔV and ω p t + φ p are the amplitude and the phase of the small-signal perturbation. Assuming that the PLL is implemented under stable conditions, namely the detected frequency is intentionally frozen at ω which is slightly different from ω 0 , i.e. ω ≈ ω 0 . The phase displacement between the PCC voltage phase angle θ 0 and the output of PLL (θ) is Δθ. The PCC voltage can be transformed from the abc frame to the dq0 frame using Park's transformation. Since the PCC voltage is assumed symmetric, the zero component is simply null. In order to linearize the transformation, the transfer matrix is broken into two parts
where θ = θ 0 + Δθ denotes the output angle of the PLL, and θ 0 = ω 0 t is the phase of actual PCC voltage. Using Park's transformation, the q-axis voltage v q (t) can be calculated as where v d (t) and v q (t) are the d-and q-axis voltage obtained by applying T(θ 0 ), namely
Combining (13) and (14) yields the small-signal variation
where ΔV is the small-signal variation of the three-phase PCC voltage in frequency domain. From Fig. 4 , it can be seen that Δθ(t) = G in · Δv q (t), where G in is the response from v q (t) to θ(t) in time-domain. By substituting (15) into this relation and applying the Laplace transformation, one obtains the transfer function of the PLL in s-domain 
As a result, the transfer function from the phase angle of PLL to the current reference is
which can be rewritten as
The relation between the PCC voltage and the current reference can be established by combining (16) and (20) 
which, by neglecting the second-order terms of the perturbation, reduces to
Due to the symmetry of the system, the transfer functions of the PLLs in phases b and c are the same as (22) . The frequency responses of G P LL (s) with different bandwidths are presented in Fig. 4 . One can see that the PLL with lower bandwidth introduces a magnitude deviation and a phase lag into the control system, which compromises the control accuracy. For voltage stability, the magnitude deviation and phase lag at 50 Hz could alter the constant-current and power sources and the power factor of (4). As a result, the ZIP models taking into account the PLL would be different from the idealized polynomial model. The stability margin would be significantly changed according to the characteristics of PLLs in the distribution network.
B. ZIP Model of Grid-Interfaced Inverters
The current control scheme is illustrated in Fig. 6(a) , in which the voltage orientation is determined using the phase angle θ obtained from synchronization. Ideally, the fundamental component of the current vector is supposed to be locked to the voltage vector, so that the inverter can accurately inject, or absorb, the requested current/power. The output currents of the grid inverter are measured and sampled through an Analog-toDigital Converters (ADC) and passed into the controller. I ref r and I ref i are the real part and imaginary part of the reference current. Using Park's transformation, the reference currents can be computed in phase domain. Since the phase angle θ is measured by the PLL, the obtained reference currents highly depend on its characteristics. Note that the error between the phase measured by the PLL and the actual phase affects the reference currents both in amplitude and phase. Based on Fig. 3 and Fig. 6(a) , the modulating references of the grid inverter can be determined as ⎡ 
is dependent on the Park's transformation and the reference currents in dq-frame, which can be depicted by
where G P LL (s) is the transfer function of the PLL from the PCC voltage to the phase of currents in phase-domain. The control scheme for a power-controlled resource is illustrated in Fig. 6(b) . It consists of two nested loops, where the outer is an open-loop P Q control, and inner loop is the the current control from Fig. 6(a) . The reference currents for the inner loop are calculated by the power outer loop in dq frame using the following matrix
where 
where V is the amplitude of the PCC voltage. Considering the inner current loop, the ZIP model of power controlled inverter is obtained where the constant current part is I k = 0, and the constant impedance part is
Substituting (29) into (25) and decoupling the PCC voltage, the constant power part can be calculated by
Obviously, the constant impedance component of both current and power control schemes are independent of the synchronization. However, the constant current part and constant power part do depend on it. In fact, both the magnitude (|I k | and |S k |) and the power factor (cos(ϑ k )) deviate from the expressions of the idealized model. Hence, in a system with a lot of PLL-synchronized resources, using the idealized instead of the ZIP models developed above leads to a misassessment of the stability. This is particularly dangerous if the network is operated under stressed conditions (i.e. with low stability margin), since even slight disturbances may result in unstable behavior.
From Fig. 5(a) and Fig. 5(b) , it is straightforward to observe that for the case of PLLs with high bandwidth, the assumptions made in the idealized model (i.e. magnitude= 1 p.u., phase= 0 deg) are closely satisfied. Hence, the behavior of the actual system can be predicted also with PLL. However, the mismatches become significant when PLLs with low bandwidth are introduced into the system, which means that the stability cannot be assessed without taking the PLL into account. Fig. 7 shows the microgrid system used for this case study, whose topology and the cable types are adopted from a benchmark network introduced in [20] . The lengths of the cables are prolonged to the values given in TABLE I to obtain a weak grid. Note that the maximum distance from the slack (from R01 to R18) is around 1km, which is realistic for a low voltage network. The electrical parameters of the different cable types are presented in TABLE II. Note that the lines' R /X ratio is high, which is a characteristic feature of distribution grids.
IV. CASE STUDY

A. System Configuration
First, a critical loading {Y C,k , I C,k , S C,k } (k ∈ R) for which voltage collapse occurs need to be determined. This can be accomplished using the method discussed in Section II-B. Namely, for a light load condition {Z 0,k , I 0,k , S 0,k } (k ∈ R), (9) is solved to determine the critical scaling factor σ which marks the onset of voltage collapse The critical loading is ⎛
Confer to TABLE III for the numeric values determined for this case study. The values are given in per unit of the base P b = 1kW, V b = 230V. A close-to-critical loading can be obtained by downscaling the critical values by
In this paper, κ = 0.98 is chosen such that the system is heavily stressed, but sufficiently far from actually becoming unstable. Note that I k and S k are the reference values which the converters are tracking, and by which they converters would be represented using the idealized model. They are different from the values provided by the accurate model, which takes into account non-ideal effects. Three VSC interfaced DERs are connected to the Buses of R15, R16, and R18, and their nominal power ratings are 101.98 p.u., 76.49 p.u., and 50.99 p.u., with Power Factor (PF) = 0.98, respectively. Two VSC interfaced batteries are connected to the Buses of R6 and R10, both power ratings are 101.92 p.u., with PF = 0.8. Different types of loads are connected to the benchmark microgrid which are given in TABLE III.
The constant power and constant current sources/loads are controlled by using the power and current control schemes given in III-B. For both control schemes, a classic Proportional Resonant (PR) controller is selected and implemented in the current inner loop of each phase. The proportional and resonant gains of the PR controller are K p =5 and K r =2000, respectively. Three-phase PLLs have been applied for grid synchronization. The design of three-phase PLL follows the procedures mentioned in [21] , according to which the PI parameters of PLL can be set as follows where ω n and ξ are the natural frequency and damping coefficient, respectively, t s is the settling time.
B. Simulation Results
First, the ZIP models of different buses of Fig. 7 have been evaluated, considering all the before-mentioned control and synchronization, as well as the sampling and computation delay of ADC and PWM. In this paper, G P W M (s) = e −0.5sTs and G ADC (s) = e −sTs have been used in the models, T s is the sampling interval of control system. The constant impedance part of both current control and power control is
which is much larger than all the constant impedance loads and thus can be ignored in the stability analysis. Then, three-phase PLLs with different dynamics (bandwidth/settling time) have been utilized in the following two case studies to evaluate the influence of dynamic behaviors on the voltage stability. In the first case, PLLs of 100 ms settling time (bandwidth: 94 Hz) have been applied to all the gridinterfaced inverters of the benchmark microgrid. In the second case, slower PLLs with 325 ms settling time (bandwidth: 21 Hz) have been employed for the grid inverters. The constant current parts and constant power parts of two case studies have been calculated and depicted in TABLE IV. For comparison, the ideal models without synchronization have been listed in the table as well.
The case studies were simulated by using the MAT-LAB/Simulink environment with the aid of the PLECS toolbox. According to the scaling factor κ = 0.98, the benchmark grid is supposed to be stable. Fig. 8 shows the voltage waveforms of two case studies when different PLLs are utilized. In Fig. 8(a) , all the bus voltages reach the steady-state and their amplitudes stay constant. It is verified that the PLL with fast dynamics introduces little non-ideality on the system behavior so that the stability assessment derived from the idealized model is still valid. On the other hand, the bus voltages in Fig. 8(b) start to oscillate at around t = 0.5s. The voltages at Bus 11 and Bus 16 collapse at around t = 0.7s. Obviously, the system with a slow PLL (settling time: 325 ms, bandwidth: 21 Hz) must be considered unstable because the voltages break down. Due to the low bandwidth/slow dynamics of the PLL, there are considerable mismatches between the idealized models and the actual ZIP models of the VSCinterfaced systems, driving a theoretically stable grid to be unstable. Further investigations showed that if the system is operated under more relaxed conditions by setting the scaling factor κ < 0.9, stable operation is possible even if PLLs with a very low bandwidth are used.
V. CONCLUSION
ZIP models of grid-interfaced VSCs taking into account both the control schemes and the PLL-based synchronization have been developed in this paper. It is shown that the numerical values obtained by taking into account the characteristics of the PLL (i.e. its bandwidth) differ significantly from what would be obtained using idealized models. As a consequence, it is not advisable to use the idealized models (ignoring the synchronization) for stability studies because this could result in a misassessment of the stability. Simulations conducted for a weak microgrid with DERs utilizing PLLs of different bandwidth demonstrate that PLLs with slow dynamics (i.e. low bandwidth) can indeed compromise the stability.
As far as three-phase ADNs are concerend, in most practical cases it is reasonable to use slow PLLs because they can attenuate grid disturbances and smoothen the output current of the VSCs. Hence, the PLL bandwidth should be limited for the sake of power quality and small-signal stability requirements, especially when the three-phase grid voltages are unbalanced and distorted [22] . In an electric network with light loading and low penetration of VSC-interfaced DERs, slow PLLs are unlikely to cause stability problems. However, as is demonstrated in this paper, using PLLs with slow bandwidth can jeopardize the stability of a weak grid. Thus, this topic deserves further attention.
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